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Abstract. Let g be a complex, semisimple Lie algebra, G the corre- 
sponding simply-connected Lie group and H G G a, maximal torus. We 
construct a flat connection on H with logarithmic singularities on the 
root hypertori and values in the Yangian Y{g) of g. By analogy with the 
rational Casimir connection of g, we conjecture that the monodromy of 
this trigonometric connection is described by the quantum Weyl group 
operators of the quantum loop algebra Uh{LQ). 
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1. Introduction 

1.1. Let be a complex, simple Lie algebra, f) C a Cartan subalgebra, 
<^ C f)* the corresponding root system and W its Weyl group. For each 
a G <I>, let s[f = {ca, fa,ha) C be the corresponding three-dimensional 
subalgebra and denote by 
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its truncated Casimir operator with respect to the restriction to of a 
fixed non-degenerate, ad-invariant bihnear form (•, •) on g. Let 

f),eg = i)\[j Ker(a) 

be the set of regular elements in f), V a finite-dimensional g-module, and V 
the holomorphically trivial vector bundle over f^reg with fibre V. Recall that 
the Casimir connection of g is the holomorphic connection on V given by 

V^ = d-hy^—Ka 1.1 

where d is the de Rham differential, <!>+ C <1> is a system of positive roots 
and ^ is a complex number. This connection was discovered independently 
by C. De Concini around 1995 (unpublished), by J. Millson and the author 
|MTLl [TLl] and Felder et al. |FMTV| . and shown to be flat for any h £ C. 

The monodromy of gives representations of the generalised braid group 
B = 7ri({]reg/VF) which are described by the quantum Weyl group operators 
of the quantum group UfiQ, a fact which was conjectured by De Concini 
(unpublished) and independently in |TLll [TL2] and proved in |TLll [TL3] . 

1.2. Let P C f)* be the weight lattice of g and H = Romz,{P, C*) the dual 
algebraic torus with Lie algebra f) and coordinate ring given by the group 
algebra CP. We denote the function corresponding to A G P by e'*' G C[-ff]. 
The main goal of the present paper is to define a trigonometric version of 
the connection (jl.ip . that is a connection defined on H with the logarithmic 
forms da /a replaced by da/{e"' — 1). 

As is well known from the study of Cherednik's affine KZ (AKZ) con- 
nection (see, e.g. [Ch3j ). both the flatness and 1^-equivariance of such a 
connection require that it possess a 'tail', that is be of the form 

v, = d-hY, :^^^c.-A (1.2) 

where ^ is a translation-invariant one-form on H. The analogy with the 
AKZ equations further suggests that A should take values in a suitable 
extension of the enveloping algebra C/g, which is to C/g what the degenerate 
affine Hecke algebra %' is to the group algebra CW . 

1.3. The correct extension turns out to be the Yangian Y{q), which is 
a deformation of the enveloping algebra C/(g[t]) over the ring C[^]. Let 
1/ : — )■ f)* be the isomorphism determined by the inner product (•,•), set 
ti = i^"^(aj), where ai, . . . , a„ are the simple roots of g relative to and 
let f = A/ be the dual basis of f) given by the fundamental coweights. Let 
T{u)r, n G f), r € N be the Cartan loop generators of Y{q) in Drinfeld's new 
realisation (see |Dr2j and ^for definitions). Let be a basis of f), {ui} 
the dual basis of f)* and regard the differentials dui as translation-invariant 
one-forms on H. The main result of this paper is the following 
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Theorem. The Y{Q)-valued connection on H given by 




1.4. We call the trigonometric Casimir connection Q. Its monodromy 
defines representations of the affine braid group B = 'Ki{H^cg/W) on any 
finite-dimensional module over 1^(0), where 



is the set of regular elements in H. By analogy with the rational case, we 
conjecture that these representations are equivalent to the quantum Weyl 
group action of B on finite-dimensional modules over the quantum loop 
algebra Un{Q[z, z~^]). 

1.5. We turn now to a detailed description of the paper. 

In Section [2] we obtain a necessary and sufficient condition for a connec- 
tion of the form (jl.2p to be flat and equivariant under the Weyl group W 
(Theorem 12.51 and Proposition 12.22"]) . thus effectively determining the Lie 
algebras of the fundamental groups vri(i?i.cg) and -Ki^H^cg/W). Consistently 
with Cherednik's study of the AKZ connection, the quadratic equations giv- 
ing the flatness and equivariance of specialise, when Ka is replaced by 
the orthogonal reflection G to the defining relations of the degenerate 
affine Hecke algebra corresponding to W . 

In Section [3] we review Drinfeld's two presentations of the Yangian 1^(0) 
of a simple Lie algebra 0. We then use their interplay to solve the above 
quadratic equations in Y[q), thereby obtaining the trigonometric Casimir 
connection of (Theorem 13. 8p . 

In Section U we explain how to define monodromy representations of the 
affine braid group from and conjecture that these are described by the 
quantum Weyl group operators of the quantum loop algebra Uri{Q[z, z~^]). 

In Section [5l we define a trigonometric connection with values in the 
Yangian of 0[„ by using the interplay between its loop and RTT presentations 
(Theorem 15. 7p . We then relate it to the trigonometric Casimir connection of 
5ln- We also check that, when computed in a tensor product of m evaluation 
modules, it coincides with the trigonometric dynamical differential equations 
[TV] which are differential equations on (C^)" with values in [/0[®"^. 

In Section [6l we show that the trigonometric Casimir connection com- 
mutes with gKZ difference equations of Frenkel-Reshetikhin determined by 
the rational i?-matrix of Y{q) (Theorem 16. 6p . a fact which was checked in 
|TVj for the trigonometric dynamical differential equations. 



ag<I> 



^we follow the standard convention that in any expression involving m and u\ or 
and ti, summation over i is implicit. 
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In Section [71 we review the definition of the degenerate affine Hecke al- 
gebra %' of W |Luj and of the corresponding ?^'-valued AKZ connection 
|Ch3j ■ We then show that if F is a y(g)-module whose restriction to is 
small, that is such that 2a is not a weight for any root a |Brl IRej . the zero 
weight space V\fS\ carries a natural action of %' . Moreover, the trigono- 
metric Casimir connection with coefficients in V[Q] coincides with the AKZ 
connection with values in this "H'-module (Theorem 17. Sh . 

The final appendix, Section [8] contains a discussion of the Tits extensions 
of affine Weyl groups which is needed for Section [H 

2. The trigonometric connection of a root system 

2.1. General form. Let £^ be a Euclidean vector space, ^ d E* a reduced, 
crystallographic root system. Let C ii^ be the lattice generated by the co- 
roots a^, a e $ and P C E* the dual weight lattice. Let H = Homz(P, C*) 
be the complex algebraic torus with Lie algebra i) = Homz(P, C) and coor- 
dinate ring given by the group algebra CP. We denote the function corre- 
sponding to A G P by e'*' € C[H] and set 

H,,, = H\ UK = 1} (2.1) 

Let A be an algebra endowed with the following data: 

• a set of elements {ta}ae^ C A such that t-a = ta 

• a linear map r : f) — t- ^ 

Consider the ^-valued connection on Hj-^g given by 

^ = d- ^^^ta-duiT{u') (2.2) 

where C <I? is a chosen system of positive roots, {ui} and {u^} are 
dual bases of f)* and t) respectively, the differentials dui are regarded as 
translation-invariant one-forms on H and the summation over i is implicit. 

2.2. Positive roots. The form of the connection (j2.2|) depends upon the 
choice of the system of positive roots C Let however <I>'^ C $ be 
another such system, then 

Proposition. The connection (|2.2p may be rewritten as 
V = d- ^ J^" ^ to - dui t'{u') 

where t' : t) ^ A is given by 

T'iv)=Tiv)- Yl "W*- (2-3) 
ae<i>+n'i>'_ 
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Proof. Write the second summand in (12.21) as 



Eda \ ^ da 



where = — <l>-|-. Since 

1 e" 1 



1 - e-" e° 
and t_Q, = ta, the above is equal to 



+ 1 (2.4) 



Eda \ ^ 

which yields the required result since a = Uia{u^). ■ 

Definition. If W is the Weyl group of <I> and w & W the unique element 
such that = w^^, we denote r' by r^. Thus, 

T^(?;) = r(z;)- J]] a(?;)t« (2.5) 
«g<i>+nui4>_ 

2.3. Delta form. Choose $'_)_ = in Proposition 12. 2[ Comparing the cor- 
responding expressions for V shows that it may be more invariantly rewritten 
as 

da 



where (5 : f) — >• A is given by 



V = d - - — ^ ta - dUi 5(li*) 



<5(^)=^(^)_i ^ a(^)t^ (2.6) 



2 

aG<I'+ 



Alternatively, substituting (j2.6p into (j2.2p yields 

V = d - i ^ ^^da - dn^ 5(u^) (2.7) 



oG"I>4 



We shall occasionally refer to (j2.2p and (j2.7p as the r and 5 -forms of the 
connection V respectively. Note that the latter does not depend upon the 
choice of C 

2.4. Root subsystems. For a subset C $ and subring C M, let 
(^) B. C E* be the i?-span of ^. 

Definition. A root subsystem oi $ is a subset ^' C $ such that (^)2n<I> = 
^ is complete if n $ = If ^' C $ is a root subsystem, we set 

^'-L = ^ n <i>j_. 
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Remark. According to the above definition, the short roots of the root 
system B2 (resp. G2) are not a root subsystem, but the long ones constitute 
a root subsystem of type Ai x Ai (resp. A2) which is not complete. An- 
other root subsystem of $ = G2 is given by {=ta, ±/3} where a, /3 are two 
orthogonal roots (necessarily of different lengths). 

2.5. Integrability. The following is the main result of this section. 
Theorem. 

(1) The connection V is flat if, and only if the following relations hold 

• For any rank 2 root subsystem ^' C and a G 

5^ = {tt) 

• For any u,v £ f), 

[t{u),t{v)]=0 (tt) 

• For any a £ w £ W such that w~^a is a simple root and 
u £ i) such that a{u) = 0, 

[ta,r^,{u)] =0 (tr) 

(2) Modulo the relations ^Sj, the relations ([tr|) are equivalent to 

[ta,S{v)]=0 {t6) 

for any a £ ^ and i; E f) such that a{v) = 0, where 6 : I) ^ A is 
given by (j2.6p . 

The proof of Theorem 12.51 occupies the paragraphs l2.7H2.19l 

2.6. We spell out below the relations (jH]) in the case when is of rank 2. 
For ^ = <I>, they read 

[ta, */9] = any a E $ (0) 

/96<I'+ 

In particular, if $ = {=ba, ±/3} is of type Ai x Ai then 

[ta,tp]=0 (AiXAi) 

For $ = B2, the long roots {±/3i, =b/32} form an Ai x Ai subsystem so that 

[i/3i,t/32] =0 (A1XA1CB2) 

For $ = G2, there are two types of root subsystems: that formed by the A2 
configuration of long roots {±/3i, ±/32, i/^s}, leading to 

[ift, + = for any i,j, k £ {1, 2, 3} distinct (A2 C G2) 

and the Ai configurations {±/3, ±7} formed by a long root and an orthogonal 
short one, leading to 

[tp,t^]=0 (A1XA1CG2) 
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Combining relations ([^ , ( IA2 C G2I ) and ( |Ai x Ai C G2D yields in particular 
the following relations 

+ iy/] = (2.8) 

where /3 G G2 is long and 7', 7" are the short positive roots which are not 
orthogonal to /3. 

Remark. If $ is not simply-laced, the relations (jH]) are stronger than those 
yielding the flatness of the rational connection 

^ , \ ^ da 

V = d- V — 

a 

Q!g<I> + 

Indeed, the latter involve two dimensional subspaces of f)* spanned by el- 
ements of <I> jKoj and therefore only those rank 2 subsystems of <I> which 
are complete. The relevance of additional relations corresponding to non- 
complete subsystems was first pointed out in the closely related context of 
the Yang-Baxter equations by Cherednik jCh3l §6.1]. 

2.7. Let Q C P he the root lattice generated by ^ and T = Komz{Q,C*) 
the corresponding complex algebraic torus of adjoint type. T has coordinate 
ring CQ and is biregularly isomorphic to the standard torus (C*)" by sending 
p G r to the point with coordinates Zi = e~"*(p), where Oj varies over the 
simple roots of $ relative to $-|_. 

2.8. The torus T is a quotient of H and the form of V shows that it may 
be regarded as a connection on the trivial vector bundle with fibre A over 
T. As such, V has singularities on the codimension one subtori 

Ta = {e" = 1} C T 

where a G Given a subset C we shall be interested in the connect- 
edness of the intersection Hae'i' (^)z C Q be the Z-span of ^ and 
set [DCPl §3.1] 



{^)z = {1 ^ Q\ "^7 £ (^)z for some m € Z*} 



Since 



C[ f]T^]=C Q/i^h = c » c {^)J{^h 

the connected components of Plaeit are tori labelled by the characters of 
the finite abelian group In particular, if = {a}, we see that 

each Tq, is connected since a is indivisible in Q. 



2.9. The necessity of relations ([H|) - (jtrl) follows from the computation of 
the residues of the curvature of V to be carried out in §2.101 - ^.141 
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Specifically, write V = d — A. Since dA = 0, Q is equal to A A A 
Qi + 0,2 + f^3, where 



n 



1 v-^ da dB , ^ , , 

2Eiir3T^;j3T[*-^/3] (2-9) 

a,l3 

^2 = E ^ '^^^^ ^(^')] (2.10) 

= ^^dti, Aduj [T(u*),r(n^)] (2.11) 

2.10. Let a G $ and denote the inclusion Tq, ^ T by Iq. Then 

resT, ni = z*^Y^ ~T~\ ^/^l 

resT„ = [tQ,,T(ti*)] 
and res^Q f^s = since ^3 is regular on Tq,. 

2.11. Let ^' C $ be a rank 2 root subsystem and set 

By §2.81 ^"i" is a codimension two subtorus of T with group of components 
Hom(Mz/(M/)z,C*). 

Since {^)^/ is cyclic (of order 1, 2 or 3 depending on the type of ^ 
and i"^)^ n <^), there exists a character x of {'^)-^/ with trivial kernel. 
It follows that the corresponding component of Tij, is contained in some 

if, and only if, 7 G 

Together with ^2.101 this implies that for any a G 
res5n7 resT, VL=[ta, ^ tp] 

thus showing the necessity of 

2.12. Let T = C" be the partial compactification determined by the em- 
bedding T ^ (C*)" given by sending p G T to the point with coordinates 
Zi = e~'^'(p). We wish to determine the residues of Vt on the divisors 

= {zi = 0} c T 

To this end, we first rewrite V in the coordinates Zi. Choosing Ui = ai as 
basis of f)*, so that the dual basis {u*} of \) is given by the fundamental 
coweights {A]^} yields dui = —dz^jzi and 
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Further, if a = Y^ - rri^^ai is a positive root, then e" = z- so that 

^ = T^ da = -V<^^ ^i^d.. 

e° - 1 1 - e-" ^ 1 n r< 



which is a regular on each Tj. It follows that res^i = and 
resT,02 = z:5]^[t.,r(An] 

a 

resT,03 = ^r5:^[r(An,r(AJ)] 

where Zj is the inclusion Tj T. 

2.13. Thus, for any j / i, 

resT.nT. resT, = [t(AJ), r(A,^)] 
which shows the necessity of the relations fpfrj) . 

2.14. Let now a = m^aj be a positive root and let Tq, = {J^^ z"^" = 1} 
be the closure of Tq, in T . The intersection 

r„,, = TanT,cT 

is clearly nonempty if, and only if a(A^) = = 0. When that is the case, 
Tq^j is connected and contained in no other T^, f3 ^ j or Tj for j ^ i. 
It follows that whenever a{X^) = 0, 

resT„,, resT„ = [ta,-r(A,^)] 

thus showing the necessity of (jtr|) for a simple and i(; = 1. The general case 
follows by repeating the computations of the last two subsections in the 
compactification of T corresponding to a different basis wA of simple roots 
and using the alternative form of the connection V given by Proposition [ 



2.15. We next turn to the sufficiency of the relations ([H])-(jrrj). This may 
be proved by embedding T in the toric variety corresponding to the fan 
determined by the chambers of $ in and using a general integr ability 
criterion of E. Looijenga as in jLol §1-20. We prefer a more direct approach 
which will occupy ^2T6l - [2T9l 



*^note however that hne 2 of the statement of Corollary 1.3 in [Lo| should read "for 
every irreducible component / of a codimension two intersection" , the words in bold 
are missing in [Loj . 
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2.16. Since the relations fpfrl) imply that 0,3 = 0, we need to show that the 
relations ([H]) "(|trl) imply that i^i + Q2 = 0. To this end, we rewrite in a 
different form below and, in §2.171 rewrite Oi. 

Lemma. Modulo the relations ([trl) . the curvature term 



^2 =E;^^^^« it-,r{u')] 

i 

corresponding to a G is equal to 

E ^^^dl3[t^,tp] 

for any w £ W such that w~^a is a simple root. 

Proof. Let w W he such that w~^a is a simple root a^. By (j2.5p . 

Choosing Uj = waj yields a commutator [ta,Tw{u^)] = [ta,Tw{wXj)] which 
is zero for all j / « by (ftrl) . Since da A wcKj = 0, this yields 

^2 = E i^^^^i E /5(^')*/3]= E ^^Ad/3[t„,t^] 

since /3 = P{u^)ui ■ 

2.17. For any a G Q, let r^a be the meromorphic one-form on T given by 

da 



Va 



1 



Lemma. Let ^ C ^ be a rank 2 root subsystem and consider the curvature 
term 

Assume that the relations ([H]) hold. Then, if ^ is of type Ai x Ai, 

nf = (2.12) 

// ^ is of type A2 with = {a, /?,« + /?} 

= -r]a+i3/\d^[ta+^,t^] (2.13) 

// ^ is of type B2 with ^+ = {a, f3,a± /3} 

nf = -r]a+p A d/3 [ta+i3,ti3] - 7?a A d{a - /?) [ta,ta-p] (2.14) 
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//^' is of type G2, with ^+ = {qi, 02, ai + 02, cei +2a2, ai + 802, 2ai + 802} 
=- Vai+a-z A dai [tQ,^+Q,2,taJ (2.15) 

— ??oi+2«2 A (dci2 [iai+2a2i ^02] + '^('^1 + 3a2) [iai+2a2 ' *ai+3a2]) 

— ^2ai+3a2 ^ (dcKl [i2ai+3a2 ' ^Qi ] + '^('^^l + "^2) [i2ai+3«2 ' *ai+02]) 



Proof. If ^ is of type Ai x Ai, the result follows from ( |Ai x AiD . 



For other types, we shall need the following easily verified identity. For 
a,b £ Q, set 

da A db 

Va,b 



Then, 

r/a A % = 7?a A ria+b + r/^+b A % + l]a^b (2.16) 

We shall apply (|2.16p to ilf repeatedly, specifically to terms of the form 
Va A rjp with a + /3 G <I>_|_, until no such terms are left. 
For ^-|_ = {a, /?, a + /3} of type A2, this yields 

of = -qa+p A ?7q, [tQ,+/3 + to] + ria+i3 A r?/3 [ta+^j + t^, tjs] + 7/0,^/3 

By ([0]), the first two commutators are and the third is equal to [ta,^/?] = 
[ta + tfi^tp] = —[tct+p-,tp\. This yields the required answer since 

r]a,b = Va+b ^ db = -r]a+b ^ da (2.17) 

To keep track of the repeated applications of (|2.16p for ^ ot type B2, G2, 
we proceed as follows. Recall that the height of a = w-^Oj € is 
defined by ht(a) = ^ - m^. Arrange pairs of distinct roots (a, /3) on consec- 
utive rows according to the value of ht(a) + ht(/3): each (a, f3) stands for a 
term ry^ A ry^. From each pair (a, /3) such that a + /3 € draw an arrow to 
(q, a + /3) and (a + /3, /3) to signify that ()2.16p has been applied with a = a 
and b = f3. 

For = {a, /3, Q lb /?} of type B2 with simple roots ai = q — /3, 0:2 = /3, 
the corresponding graph is 

(a-/3,/3) 

{a- 13, a) {a, 13) 

/ ^ 

(a-/3,a + /3) / (« + /?,/?) 



(a,a + ^) 
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This yields an "r/a A component of equal to 

r]a-l3 A IJa [ta-l3,ta + t/?] 

+ A 77q,+/3 i[ta,ta+l3 + + 

The second commutator is equal to zero by ( |Ai x Aj C 62! ), the first by ([^ 
and dAi x Aj c B2D and the third by By ([0]), the coefficient of rja^Va+p 

is equal to - [tcta-p] + [t^-/?,*/?] = [ta-/3, + i/?] = 0. 

Q,f is therefore equal to its "??a,fe" component, namely 

Va- 13,13 [ta-13, + ??a,/3 + 

which yields the required answer since, by d^]) 



and by (Hj) and (Ai x Ai C B2 



\ta-l3-,tp\ — — [ta-l3,ta+ta+l3\ — — [ta-l3,ta] 

while, as previously noted 

r]a,b = Va+b ^db = -r]a+b A da 

Assume now that ^' is of type G2 and has simple roots ai,a2, with ai 
long. The sets of long and short positive roots are, respectively 

= {qi, 2ai + 3a2, ai + 3a2} and = {ai + 02, ol\ + 2q2, 02} 

and the pairs 7) of orthogonal positive roots are 

(ai, ai + 2a2), (2ai + 3q;2, "2), (ai + 802, ai + 02) 
The corresponding graph reads 

(01,02) 



(ai, ai + 02) 

(ai, ai + 202) 

(ai, Qi + 802) 
I 

(ai, 2ai + 802; 
(ai + 02, 2ai + 802) 



(ai + ^2, ai + 2a2 
I 

(a\ + 02, oi + 802)"" 




(ai + 02, "2) 
I 

(ai + 2a2, 02 
I 

(ai + 8a2, OL2 
(2ai + 3q2, 02 
{oL\ + 2a2, tti + 802) 




(ai + 2^ta, 2ai + 802) 



(ai + 8q;2) 2ai + 802) 
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This yields an 7]a^b component of ilf equal to 

~^ Vcii+2a2,a2 [^ai+2Q2 ~l~ ^ai+a2 ~l~^Q!i)^a2] 
~^ Vai,ai+3a2 [^ai ) ^Qi+302] 

~^ Vcii+a2,ai+2a2 ( [^Qi+a2 ' ^oi+2o2 ~l~ ^02] ~^ [^01)^02]) 

By (j2.8p . the first commutator is equal to — [i^i , ^Qj+aa]- By ([^ and 
dAi X Ai C G2D , the third commutator is equal to —[toj +302,^02]- The sec- 
ond commutator is therefore equal to 

[^«i+3q2 ~I~ ^ch+2o2 ' ^02] [^ai+2«2'^02 ~l~ ^cii+3«2] 

where we used ()2.8p . By ( IA2 C (721 , the fourth commutator is equal to 
— [tai,t2ai+3a2]- Finally, the coefficient of f?ai+02, 01+202 is equal to 

+80:2] ~^ [^Qfl 1 ^0:2 ] — [^20 i+3q!2 ; ^01+02] 

where we used ()2.8p . Using ()2.17p shows that the right-hand side of ()2.15p is 
equal to the r/a^b-component of . A similar use of relations ( A2 C G2 



and ( |Ai x Ai C G2D shows that the rja A r/b component of ^if is zero and 
therefore completes the proof ■ 

2.18. 

Corollary. Assume that the relations (jH]) and (jtrj) /loW. Then, for any 
rank 2 root subsystem ^ C the curvature term f]* is equal to 

= - ^ T]aAdl3[ta,t(s] 

where Wa is any element of the Weyl group of such that w~^a is simple 
in ^ . 

Proof. Lemma 12.171 and a simple case-by-case inspection show that ilf 
does indeed have the above form for well-chosen elements Wa (specifically, 
Wa should be an element of shortest length such that w~^a is simple in 
But Lemma 12.161 applied to ^ implies that the expression 

ria ^dj3[ta,t|3\ 

/3G>I'+n«;Q'I>_ 

is independent of the choice of Wa, hence the conclusion. ■ 

2.19. Completion of the proof of (1) of Theorem 12.51 Fix a G <!>+ 
and let 7^2 (ct) be the set of complete, rank 2 subsystems ^ C <^ containing 
a as a non-simple root. For ^ G TZ2{a), denote the corresponding Weyl 
group by W{^). 

For any w £ W, denote by N{w) C <&+ the set 

N{w) = {/3 G ^+\wP G $_} 
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and define similarly Nii,(w) C ^+ for any w E W{^). 

The following result, together with Lemma 12.161 and Corollary 12. 181 show 
that ill + Q2 = and therefore that the connection (j2.2p is flat. 

Proposition. Let w € W be such that w~^a is simple in <I>. 

(1) For any ^ € 7^2(0); the intersection N{w~^) n ^ is non-empty. 

(2) The following holds 

Niw~^)= y iV(u;-^)n^' 

'I'e7^2(a) 

(3) For any ^ G 7^2(«), ^/lere exists a unique Wij, S stic/i i/iai 

Proof. For any pair of non-proportional roots f3,j £ let (/3,7) C ^I' be 
the complete, rank 2 subsystem generated by /? and 7. We claim that the 
map /3 — )• (a, /3) induces a bijection 

where ~ is the equivalence relation defined by /? ~ /3' if (a,/3) = {a,f3'). 
This clearly proves (1) and (2) since = ^' n N{w~'^). 

To see this, we shall need some notation. For any complete subsystem 
^ C let = (1/36*^/3 C ^> where = Ker(/3). Set = ^/^^ 
so that ^ may be regarded as a root system in E^, and let nq, : E ^ E^jJ 
be the corresponding projection. If /3 G A^(i(j~"'^), the wall separates the 
fundamental chamber C C E of ^ and C = w{C). Thus, if ^' = {a, (3), 
-K-iiiiJ-Lp) separates the fundamental chamber 7r^,(C) of ^' and 7r,i,(C"). It 
follows that 7r>ir(C) / 7r^(C") so that a is not simple in ^ since -Kx^fiJ-La) is a 
wall of 7r,if(C"), whence (a,/3) S 7^2(0) and p is a well-defined embedding. 

It is also surjective since if S 7^.2(0!), there exists a /3 G \I'+ such that 
Tr^{T-lj3) separates Tr^{C) and 7r^{C') so that Tifs separates C and C and 
therefore lies in N{'w"^). 

Finally, for a given ^' G 7^2(0), the set N{w^^) n ^' consists of those 
/3 G ^'4. which separate C and C" and therefore 7r^{C) and 7r,i,(C"). It is 
therefore equal to ^'+ntt;,i,^'„ where ■w^i E is the unique element such 

that 7r4,(C') = w<s,7r^{C). ■ 

2.20. We now turn to part (2) of Theorem 12. 5i We shall need the following 

Lemma. The relations dUD imply that the following holds for any a G 
w £ W such that w~^a is simple and v £ t) such that a{v) = 

sign{w~~^(3)P{v)t^] = (t-t) 
where sign(7) = ±1 depending on whether 7 G ib$+. 
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Proof. Let T be the algebra generated by symbols ta, a G <^ subject to 
the relations t-a = ta and (jH]). The Weyl group acts on T by wta = twa 
and it is easy to check that the above relation holds for a triple (a, w, v) if, 
and only if, it holds for {w~^a,l,w~^v). We may therefore assume that a 
is simple and that u; = 1. Since the left-hand side of (lt"'tp may be written 
as 

where ^ ranges over the complete, rank 2 subsystems of $ containing q, 
it is sufficient to prove ^f^t^ when <I> is of rank 2. In this case, it follows 
by a simple case-by-case verification. For example, if (^j^ = {ai,a2,ai + 
02) tti + 2a2) «i + 3a2) 2ai + 302} is of type G2, we have 

/3e'I>+ /3G$+ 

by ([0]) and ( |Ai x Ai cGj] ), while 

/3G*+ ^e*+ 
which is equal to zero by jH), dAi X Ai C Gil ) and ( IA2 C G2D ■ 

2.21. Recah from g23]that <5 : ^ A is defined by 



5{v) = t{v) a{v)t 



2 



The following proves part (2) of Theorem! 
Proposition. Modulo the relations (jH]), the relations ^tr} are equivalent to 

[ta,S{v)]=0 {t6) 
for any q G <1> and f G f) such that a{v) = 0. 
Proof. For any w e W (|2.5p . yields 

rw{v) = t{v) - ^ a{v)ta = S{v) + ^ ^ sign{w~^ f3)^{v)t^{v) 

aG'I'+nui'I)- /3e"I'+ 

The result now follows from Lemma 12.201 ■ 

2.22. Equivariance under W. Assume now that the algebra A is acted 
upon by the Weyl group W oi ^. 

Proposition. 

(1) The connection V is W -equivariant if, and only if 

Si{ta) = ts,a (2.18) 
Si{T{x)) - T{SiX) = {ai, x)tai (2-19) 
for any a G simple reflection Si £ W and x £ t). 
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(2) Modulo ()2.18p . the relation ()2.19p is equivalent to the W -equivariance 
of the linear map 5 : I) ^ A defined by (I2.6P . 



Proof. (1) Since Si permutes the set <!>+ \ {ai} and, by ([27 

' +1 



1 - e-°» e°^« - 1 
we get 

S*V = d- -^^Si{ta) - dUi Si{to,i) - Si{T{u^))d{SiUj) 

Requiring that s*V = V and taking residues along each subtorus {e° = 1} 
yields (|2.18p . To proceed, note that 

Si{T{u^))d{SiUj) = Si{T{SiU^))d{Uj) 

since T{u^)duj is independent of the choice of the dual bases {u^},{uj}. 
Thus, s*V = V reduces to 

T{u^)dUj = Si{T{SiU^))dUj + ta^dUi 

which, upon being contracted along the tangent vector u'' yields (j2.19p with 

X = SiuK 

(2) It is easy to check that the map r(x) = 1/2 X]q6$+ (^^j satisfies 
(j2.19p . The result now follows since any two maps ti : \) ^ A satisfying 
(j2.19p differ by a 1^-equi variant map. ■ 

2.23. Flatness and equivariance. The following is a direct corollary of 
Theorem [23] and Proposition [2122] 

Theorem. The trigonometric connection 

^ = ^- E ^^^^tc.-d{ui)T{u') 

is fl,at and W -equivariant if, and only if the following relations hold 

• For any rank 2 root subsystem ^ d ^ and q G 

[ta, t/?] = 

• For any € f), 

[t{u),t{v)]={) 

• For any simple root and u € Ker(Qj), 

• For any a € and simple reflection Si £ W , 

• For any a G $ and u G f), 

Si(r(u)) - T{SiU) = (Oi, u)ta. 
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Remark. Theorem 12.231 was first proved by Cherednik in the special case 
when ta is equal to the orthogonal reflection Sa ^ W and shown to lead to 
the definition of the degenerate affine Hecke algebra of W \Ch.l\ ICh2] . 

3. The trigonometric Casimir connection 

3.1. The Yangian Y{q) |Drlj . Let g be a finite-dimensional, simple Lie 
algebra over C and (•, •) a non-degenerate, invariant bilinear form on g. Let 
h he a formal variable. The Yangian Y{q) is the associative algebra over 
C[^] generated by elements x, J{x), x £ q subject to the relations 

Ax + fiy (in Y{q)) = Xx + /xy (in q) 

xy -yx = [x, y] 

J{Xx + fiy) = XJ{x) + fiJ{y) 

[x,J{y)] = J{[x,y]) 

[J(x), Ji[y, z])] + [Jiz), J{[x, y])] + [J{y), J{[z, x])] = 

h'^{[x,Xa\, [[y,Xb], [z,Xc]]){x'",x^a;''} 

[[Jix), Jiy)], [z, J{w)]] + [[Jiz), Jiw)], [x, Jiy)]] = 

h^{[x, Xa], [[y, Xbl [[Z, wlXc]]){x'',x\ J(x^)} 

for any x,y,z,w£Q and A, ^ € C, where {xa}, {x"} are dual bases of g with 
respect to (•, •) and 

{Zi, 22,^3} = ^ X] 

0-663 

y (g) is an N-graded C[/i]-algebra provided one sets deg(x) = 0, deg( J(x)) = 
1 and deg(/i) = 1. 

3.2. Drinfeld's new realisation of Y(g) |Dr2j . Let f) C g be a Cartan 
subalgebra of g, $ = {a} C f)* the corresponding root system. Let {ai\i^i 
be a basis of simple roots of <I> and Ojj = 2(aj,aj)/(Qj,Qj) the entries of 
the Cartan matrix A of g. Set di = (Qj,aj)/2, so that dittij = djUji for any 
ij £ I. 

Let : — 7- [)* be the isomorphism determined by the inner product 
(•,•) and set ti = z^~^(ai) = d^al . For any i S I, choose root vectors 
xf £ Q±ai such that [x^,x^] = tj. Recall that g has a (slightly non- 
standard) presentation in terms of the generators ti,xf with relations 

[ti,tj]=0 

[^2! -^j ] — ^diCtijXj 

[xf, Xj ] = 6ijti 
adixfy-"^^ xf =0 



18 



V. TOLEDANO LAREDO 



The Yangian Y(A) is the associative algebra over C[h] with generators 
^t,-^ TjrjiSl.rGN and relations 

Xll^i.d) ' [^£.(2) '[■■■' [^*>.(m) ' •••]]= 

TV 

where i ^ j m the last relation, m = l—aij,ri,...,rm £ N is any sequence of 
non-negative integers, and the sum is over all permutations vr of {1, . . . , m}. 
Y{A) is N-graded by deg(ri,r) = r = deg(Xj,) and deg(^) = 1. 

3.3. Isomorphism between the two presentations |Dr2j . Choose root 
vectors G 0a for any a € ^ such that (xq,,x„q,) = 1 and let 

/ijQi — X X — I X — cx'^oi (^*"^) 

be the truncated Casimir operator of the 512-subalgebra of g corresponding 
to a. Then, the assignment 

(p{J{ti)) = Ti^i + fup{vi) 

ip[J{xf)) = Xf + h^{wf) 
extends to an isomorphism (p : Y{q) — )• 5^(A), where 

= ^ ^ {ai,(i)Ka - tf/2 
/3e*+ 



3.4. The T^— equivariant embedding 5a.b '■ — ^ Y{q). The Yangian Y{q) 
is acted upon by the Lie algebra spanned by the elements x ^ q and is 
an integrable g-module under this action. In particular, the zero-weight 
subalgebra Y{q)^ is acted upon by the Weyl group W of g. Moreover, for 
any a,h G C, the linear map 

5a,b ■■ fl ^ Yi5)\ 6a,b{t) = at + hJ{t) (3.2) 

is 1^-equi variant. 
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In terms of the new realisation of Y{q), the map 5a,b becomes 

5a,b{t) = at + blnt)^ + ^ 5] l3it)Kp-^^it,f)tA (3.3) 

where {f = A^} is the basis of 1} dual to {tj} given by the fundamental 
coweights, T{—)i : i) — )• ^(A) is the embedding t — )• {t,f)Ti^i and, devi- 
ating slightly from the notation of ^3.2i we identify g C Y(q) with the Lie 
subalgebra of Y{A) spanned by Ti^jX^Q. 

3.5. The linear map Tafi ■ f) — )■ Y{q). Let e G C. For any root a, set 

Ka = Ka + eqa where = -. (3.4) 

[a, a) 



and Ka is the truncated Casimir given by (j3.ip . For any a,b ^ C, define a 
map Ta,b ■ f) >"(g)'' by 

qG<I>4. 

where (5a,6 is given by (|3.2p . 

Proposition. 

(1) The elements satisfy 

K-a = Ka and w{Ka) = K^a 

for any w G W. 

(2) The following holds for any t G f) 

Si{Ta,b{t)) - Ta^biSit) = h{ai,t)Kai 

(3) If b = —2, then Tafi = ip o Ta^b '■ f) — ^ Y{A)^ is given by 

?,,_2(i) = ai-2[T(t)i-^^(t,f)tn ^ a(t)g„ 

\ i / ae<I>+ 

and satisfies in addition 

[?,,_2(t),?a,_2(i')] =0 

/or an|/ t,t' £ I). 

(4) For an?/ a G '^4. and t G f) such that a{t) = 

[Ka,5a,b{t)]=0 
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Proof. (1) is obvious. (2) follows from the second part of Proposition 12 . 22| 
(1) and the VT-equivariance of 6afi- For (3), we have by (13. 



= ^ E «(*)^° + at + bl T{t)i + jYl ^^^y^ - f 

= at + ^Y. «(*)(^" + ^^") + - I *')*^) 

which, for h = —2 reduces to the claimed expression. The commutativity of 
Ta-2{t) and Ta-2{t') then follows from that of of the Tj^i. (4) follows easily 
from the defining relations of 1^(0). H 

3.6. For simplicity, we henceforth set e = = a and h = —2 in equations 
(j3.2p and (j3.4p . although Theorem 13.81 below is true for any values of a, e. 
Thus, Ka = Ka, ^ = ^0,-2 ■ f) — ^ ^(s) is given by S{t) = —2J{t) and the 
corresponding map r = to,-2 : ^ Y{A)^ by 

T{t) = -2T{t)i + h{t,f)ti 

3.7. The trigonometric Casimir connection of g. Let i^^cg C if be 
given by (|2.ip and 3^*^ the trivial bundle over ffreg with fibre Y{q)^ = y(A)''. 

Definition. The trigonometric Casimir connection of q is the connection 
V on 3^'' given by either of the following forms 

V = d - - V ^ '^^ da Ko, + 2dui JM) (3.5) 
2 ^-^ e" — 1 

ag<I>4. 

\ - da , f ^, „•, ?i, 9 



= d-h}_^ -—^K^ + 2dui /^(n')l--(n^^^)^j j (3.6) 

whose equality follows from ^2.31 and ^3.61 
3.8. 

Theorem. The trigonometric Casimir connection is flat and W -equivariant. 

Proof. By Theorem 12.51 Proposition 12.221 and Proposition 13.51 we need 
only check that the elements ta = satisfy the relations dH]). This follows 
as in \MTL\ Thm. 2.3] and [TLTI Thm 2.2]. Specifically, if ^' C $ is a rank 
2 root subsystem, the sum X^„g$^ Ha is, up to Cartan terms, the Casimir 
operator for the rank 2 subalgebra 0* C determined by ^ and therefore 
commutes with each summand Kq, q G <I>4.. ■ 
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Remark. Since the relations of Theorem 12.51 and Proposition 12.221 are ho- 
mogeneous, Theorem 13.81 proves in fact the flatness and VF-equivariance of 
the one-parameter family of connections 



V = d — A ^ — \^ da Ka — 2dui J{u 



2dui [T{u')i-^{u\t^)t) 




d — X ^ \ h Ka 

y qg<I'+ 



where A varies in C^. 

4. The monodromy conjecture 

We show in this section that the monodromy of the trigonometric Casimir 
connection V gives rise to representations of the affine braid group B corre- 
sponding to g and give a conjectural description of it in terms of the quantum 
Weyl group operators of the quantum loop algebra Un.{LQ). 

4.1. Monodromy representation. Since H is of simply-connected type, 
the Weyl group W acts freely on /7reg and the fundamental group of the 
quotient Hj-cg/W is isomorphic to the affine braid group B |NVD1 IvdL] . 

Let y be a finite-dimensional y(0)-module and V the holomorphically 
trivial vector bundle over .ffreg with fibre V. The connection V induces a 
flat connection on V. To push it down to the quotient by W we use the 'up 
and down' trick of |MTH p. 224] to circumvent the fact that W does not in 
general act on V. To this end, we shall need a few basic results about Tits 
extensions of (affine) Weyl groups which are gathered in ^ 

Specifically, since V is an integrable g-module, the triple exponentials 

exp(eQ,J exp(-/Q,J exp(e„J 

defined by a choice of simple root vectors Cq,- G ga- , /q,- € g_Q,. are well- 
defined elements of GL{V). They give rise to an action on V of an extension 
of W by the sign group ^ called the Tits extension WofW (Definition 
18.21 and Prop. 18. 3p . By Theorem 18.101 is a quotient of the affine braid 
group B which may therefore be made to act on V. It is then easy to check 
that the pull-back of the flat vector bundle (V, V) to the universal cover of 
Hj-cg is equivariant under B acting by deck transformations on the base and 
through the ly-action on the fibres. 

4.2. Let Lq = Q[t, t~^] be the loop algebra of g and Ufi{LQ) the correspond- 
ing quantum loop algebra, viewed as a topological Hopf algebra over the 
ring of formal power series C|/i]. Thus, U!i{Lq) has Chevalley generators 
Ei,Fi, where i ranges over the set I = I U {0} of nodes of the affine Dynkin 
diagram of g and a Cartan subalgebra isomorphic to t) and spanned by Hi, 
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i £ I and Hq = —Hg = — X^igi (^iHi, where 6* E f)* is the highest root and 
the integers are given by 6*^ = Uia^ . 



4.3. By a finite-dimensional representation of Uh^Lq) we shah mean a mod- 
ule V which is topologicahy free and finitely-generated over C|/i]. Such a V 
is integrable and therefore endowed with a quantum Weyl group action of 
the affine braid group B |Lul IKRl ISoj . This action is given by letting the 
generator corresponding to i € I act by 

a-b+c=-X{a]') 



where u G V if of weig ht A G f)* and xf"^ is the divided power X"/[a]i! with 



q = e^ qi = 

[n]i = ~ '^C and [n],! = [n],[n - 1]^ • • • [1]^ 
Qi-Qi 



4.4. Monodromy conjecture. It is known that the Yangian Y{q) and the 
quantum loop algebra Ufi.{LQ) have the same finite-dimensional represen- 
tation theory (see |Vaj and |GTLlj ). By analogy with the quantum Weyl 
group description of the monodromy of the (rational) Casimir connection of 
Q conjectured by De Concini (unpublished) and independently in |TLH[TL2] . 
and proved in [TLH ITL3j , we make the following 

Conjecture. The monodromy of the trigonometric Casimir connection is 
equivalent to the quantum Weyl group action of the affine braid group B on 
finite-dimensional UfiiLg) -modules. 

We will return to this conjecture in forthcoming work in collaboration 
with S. Gautam |GTL2j . 



5. The trigonometric Casimir connection of gl^ 

We consider in this section the Yangian y(gl„) of the Lie algebra qI^. The 
latter does not possess a presentation of the form given in §3.11 but may be 
defined via a ternary, or RTT presentation. By exploiting the interplay be- 
tween the latter and its loop presentation, we construct a flat, trigonometric 
connection with values in y(g[„). We then relate it to the corresponding 
connection for s[„, and show that, when it is taken with values in a tensor 
product of evaluation modules, it coincides with the trigonometric dynami- 
cal equations [TV] . 
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5.1. The RTT presentation of The Yangian Y{q[j^) is the unital, 

(r) 

associative algebra over C generated by elements t\-\ 1 < i,j < ?z, r > 1, 
subject to the relations d 

\^''^^]-\f^4r''] = ^^-^^ (5.1) 

where r, s G N and tf') = 6ij . 

Let y = C" with standard basis ei, . . . , en and let EijCk = Sjk^i be the 
corresponding basis of elementary matrices of The map i : Eij — t- 

t-j^ defines an embedding of 0[„ into Y{q{,^) and we will often identify gl^ 
with its image under i. Moreover, for every s > 1, the subspace spanned 

is) 

by the elements transforms like the adjoint representation under the 
commutator action of 

The above relations may be more compactly rewritten as follows. For any 
r > 0, let T^^) be the n x n matrix with values in y(g[„) given by 

l<i,j<n 

where are again elementary matrices and the superscript V is used to 
stress the fact that they should be thought of as elements of the algebra 
End(y) rather than the underlying Lie algebra g[„. 
Let u be a formal variable and set 

r>0 

Finally, let 

R{u) = 1 - Pu~^ G End(y V)lu~^j 

be Yang's i?-matrix, where P G End(y Cg" V^) acts as the permutation of the 
two tensor factors. Then the relations (|5.ip are equivalent to 

R{u - v)Ti{u)T2{v) = T2{v)Ti{u)R{u - v) 

where Ti{u),T2{u) E End(y ®V)® y(0[„)|n-^] are given by 

Ti{u) = Y,eYj®^® and Ts (t;) = ^ 1 » » 

5.2. The loop presentation of y(g[„). Let E{u), H{u), F{u) be the fac- 
tors of the Gauss decomposition of T(n). Specifically, 



F{u) = l + Y. Eyj® fij (^) E{u) = l + Y, Eri(^ eij (n) 

i>j i<j 



"^we follow here the conventions of IMol and INO 
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are, respectively, the unique lower unipotent, upper unipotent and diagonal 
matrices with coefficients in y(g[„)|M~^] such that 

r(n) = F{u)H{u)E{u) (5.2) 

Noting that H{u),E{u),F{u) = 1 mod u~^, write 

/..(n) = l + J]/.fV^ /,,.(^) = ^/(;V^ e,,-(n) = j^ej;)..- 

r>l r>l r>l 

The coefficients of eM+i(u), fii^i{u) and /i.j(M) give another system of genera- 
tors of y(g[„). Moreover, The elements hi{u) commute and their coefficients 
generate a maximal commutative subalgebra of Y{qI^) called the Gelfand- 
Zetlin subalgebra Hn- 

5.3. The Gauss decomposition (15. 2p yields in particular 

r eSj) ifz<i 

t^=\ if-. 

which we will use to identify the copies of 0[„ inside each presentation. 
Moreover, 

j<i 

1 (5.3) 

j<i 

where 9a is the hnear form given by 6a{Ehb) = Sab and Ke^^g^ = EabEba + 
EbaEab is the truncated Casimir operator corresponding to the root 6a — Ob- 

5.4. Define the elements Di G Hn by 

A = 2/if ) - - Eu) - El (5.4) 

= 2t^ -^^e,-e^-El (5.5) 

j<i 

The symmetric group ©„ acts by algebra automorphisms on y(0[„) by 

Lemma. The following holds 

(1) [A,l?j] =0. 

(2) {ii + l)D, = Dj ifj^{i,i + l}. 

(3) (i i + 1) A - A+i = t^e.-Oi+i ■ 

Proof. (1) fohows from (j5.4p and the fact that the hf^ commute. (2) and 
(3) fohows from ([53]). ■ 
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5.5. The following is a direct consequence of (15. 5 p and (15. 3p 
Lemma. The element T) = Di + ■ ■ ■ + Dn is given by 

i 

i i 

where 

i<j i i<j 

are the Casimir operator and sum of the positive coroots o/g[„. 

5.6. The trigonometric Casimir connection of g[„. Let Di be given by 
()5.5p and define elements Aj G Hn by (cf. §2.3p 

a<b 

Let H C GLn be the maximal torus consisting of diagonal matrices, H^^g 
its set of regular elements and 3^(0l„) the trivial y(g[„)-bundle over -ffreg- 

Definition. The trigonometric Casimir connection of gl^ is the connection 
on y{Qin) given by either of the following forms 

i<j i=l 

= - 2 E gg.-e, _^ "'(^^ - - E 

5.7. Let the symmetric group &n act on the vector bundle y{Q\-n) by per- 
mutations of the base and automorphisms (j5.6p of the fibre. 

Theorem. The trigonometric Casimir connection of gl„ is fiat and equi- 
variant under ©„. 

Proof. Let H,U C H he the subtori consisting respectively of diagonal 
matrices of determinant 1 and multiples of the identity, and let fl,u = Cln 
and f} be their Lie algebras, where = XlILi ^a- Thus 

i) = t)®Cln and t}*^t)*®Ctv 

where tr : f] — )• C is the trace. Clearly, H = H x U and the connection V 
decomposes as the product of the following y(5[„)-valued connections on 
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ifreg and U respectively 

^ = ^ - E - dua Diu'^) (5.7) 

i<j 

V^ = d--dtT'D (5.8) 
n 

where D : t) ^ Y (qI^) is given by D^En) = Di and {ua}, {n°} are dual bases 
of \) and f) respectively. is clearly flat and equivariant under the action 
of Gn since the latter acts trivially on U and, by Lemma 15.51 on D. Since 
the latter commutes with the coefficients of V, the flatness and equivariance 
of V reduces to that of V which, in turn is determined by Theorem 12. 51 and 
Proposition 12.221 The relations (jH]) have already been checked in the proof 
of the flatness of the trigonometric Casimir connection for s[„ in Theorem 
3.8[ The relations ffrrl) and the equivariance relations ()2.19p follow from 
Lemma 15. 4[ There remains to check that, for any i = 1, ... ,n — 1 and 
u G Ker(0j — ^i+i), [k^^-^..^-^, D(u)] = 0. This reduces to checking that 
[Ke^-e,+-^:Dj\ = for j i + 1} and that A + A+i] = which 

follows easily from (15. 5p . ■ 



5.8. Rational form. It is well known that trigonometric connections of 
type GLn may be put into a rational form, thus expressing them as KZ type 
connections on n + 1 points, with one frozen to 0. We carry this step below 
for the connection 15.61 

Let Zi = z = 1, . . . , n be the standard coordinates on the torus H = 
of GLnU Since d6i = dzi/zi and 

d[9i — 6j) d{zi — Zj) dzi 

gfi-fj _ 1 Zi — Zj Zi 

the connection 15.61 is equal to 

d{zi — Zj) \ - dz; 

Zi 



where 



j>i j^i 



5.9. Relation to y(s[„). Following Olshanski and Drinfeld, we realise the 
Yangian Y{sin) as a Hopf subalgebra of Y{Qij^) as follows (see \Mo\ §1.8]). 
Let A = 1 + M~^C|u^^] be the abelian group of formal power series in 
with constant term 1. A 3 f acts on Y(qI^) by Hopf algebra automorphisms 
given by 

r(n) ^ f{u)T{u) 

The Hopf subalgebra Y{qI^)^ C Y{qIj^) of elements fixed by A is isomorphic 
to y(s[„). 



^note that these differ from the coordinates Zi = e"' = e^' used in i]2.12l 
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5.10. The generators Ti^r of the presentation of Y{5ln) described in §3.2 
may be obtained within the RTT reahsation of Y{qI„) as follows [BK^ Rk. 
5.12]. Consider their generating function Tj (u) = ^ + J2r>o'^i,r'^~^~^- Then, 

i — 1 i — 1 
Ti{u) = hi{u t;—)'^ ■ hi+i{u — ) 



u 2. 



To spell this out, consider a formal power series a{u) = 1 + aiu ^ + 02 
• • • . Then, for any A G C one has 

a{u-X) = l + aiu-\l - + a2U-\l - -^^ + ■■■ 

u u 

= 1 + ain~^ + (a2 + Xaiju'"^ + • • • 

and therefore 

a{u — A)~^ = 1 — aiu~^ — (02 + Aai — a\)u~'^ + • • • 
It follows that Tifi = —{Eii — E'j+i^j+i) and 

Ti,i = -{hf^ - hf^^) - '-^{Eii - + El - EuE,+i,i+i (5.9) 

5.11. Let H C H he the torus of SLn consisting of diagonal matrices with 
determinant 1. 

Proposition. The restriction of the trigonometric Casimir connection of 
qI^ to Hj-cg takes values in y(sl„) and is equal to the sum of the trigonomet- 
ric Casimir connection of sin with the t) C Y (sin) -valued, closed one-form 



dXi {Eii — 



i=l 

where {Aj} are the fundamental weights of sin- 

Proof. The restriction of the trigonometric Casimir connecton of g[„ to 
i^reg is given by (j5.7|) . namely 

i<j 

where Y{Qij^) is given by D{Eii) = Di and {ui}, {n*} are dual bases 

of fi and f) respectively. Choosing Ui = Aj so that u* = En — E'j+i^j+i, 
i = 1, . . . ,n — 1 and comparing with the form (13. 6p we need to show that 

Di — A+i = — 2Tj^i + {Eii — + {Eii — 



By (j5.4p . the left-hand side is equal to 

2(/if ^ - /iSJi) + i {Eu - - El + 

and the result follows from (15.91) 
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5.12. Evaluation homomorphism. The Yangian y(gl„) possesses an eval- 
uation homomorphism ev : l"(0l„) — )• UqI^ defined by 

ev{tij{u)) = 6ij + EijU~^ 

where tij{u) = J2r>o^ij^'^~^ • When composed with the translation auto- 
morphisms Ta, a £ C given by TaT{u) = T{u — a), that is 



s=l ^ ^ 



this yields a one-parameter family of evaluation homomorphisms ev^ = 
ev oTa given by 

eva(t!;^) = ^roSij + Ei,a^-^ (5.10) 

5.13. Hopf algebra structure. Y{qI^) is a Hopf algebra with coproduct 

n 

A{tij{u)) = '^tik{u) ®tkj{u) 

k=l 

For any m > 2, let A^"*) : Y{glJ y(g[„)®'" denote the corresponding 
iterated coproduct. Then, 

m 

A('"Htl?) = E(4'^)^'+ E (EikUEk,), (5.11) 

p=l l<k<n 
l<p<q<m 

where Xp = l®(P-i) X i^m-p) _ 

5.14. Evaluation modules. For any a = {ai, . . . ,am) G C™ define eva ■ 
r(0lj ^ C/flir by 

eVa = evai <8) • • • <8) ev^^ oA^™) 

Proposition. T/ie image of the trigonometric Casimir connection of 0[„ 
under the homomorphism cVq is the U qI®™' -valued connection given by 

V. = ^ - E A^"^^ - E A, 

i<j i=l 

where 

m 

D,,a = 2E«p(£^ii)p + 2E (^ii)p(^iO. - E A^'"n^e,-eJ - A(-)(i?2) 

l<p<(j'<m 

Proof. By construction Di^g. = eVa{Di) and is given by the above expres- 
sion by dSS]), (|5ll]> and ([KIH]) . ~ ■ 
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5.15. The trigonometric dynamical differential equations for g[„. In 
[TV] . Tarasov and Varchenko considered differential operators Di, . . . , Dn in 
the variables zi, . . . , E with coefficients in C/gt®"* given by 

A = Zidzi + XLi{a,z) 

where A G C, a = (ai , . . . , Om) G C™', z = {zi, . . . , Zn) and 



A(m.)|'p2\ 



p=l 

Zi 



Zi Zj 



l<p<q<m 

Set Zi = e^' so that = dg. and 

Zi 1 



Zi — Zj e ' — 1 \ e i " 

Since 



+ 1 



EijEji — Eii — 2^i<-ei-ej — {En + Ejj)) 
the operators T>i are the covariant derivatives for the connection 



i<j i=l 



= - ^ ( E 5^^^^™^ i-o.-e, - i^u + E,,)) + dO, Dl 

where 

D',^, = - A("^) {eD + 2 <^p{Eu)p + 2 Y {E^MEj 

j<n 
iq<m 

Y^^'^H^e.-e.-iEu + E^^)) 



p=i i^i^'i 

l<p<q<m 



j<i 



By Proposition l5.14| is the image of the trigonometric Casimir connection 
for g[Jl under the homomorphism cVq, : y(0[„) — )• (Ugin)'^'^ plus the [}- 
valued, closed one-form 

\i<j i j<i 



'when the latter is scaled by a factor of A/2, as in Remark 13.81 
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6. BiSPECTRALITY 

We show in this section that the trigonometric Casimir connection with 
values in a tensor product of y(0)~modules commutes with the gKZ differ- 
ence equations of Frenkel-Reshetikhin determined by the rational i?-matrix 
of ^(0). This was checked by Tarasov-Varchenko for q = g[„ in the case 
where all representations are evaluation modules [TVj . 

6.1. Hopf algebra structure |Drlj . If q is simple, 1^(0) is a Hopf algebra 
with coproduct A : Y{g) — )• 1^(0) (8) ^(0) given on generators by 

A{x) = x(g)l + l(g)3; 
A{J{x)) = J{x) + J{x) + ^[x®l,t\ 

where t = Xq^x" G (000)^, with {xa}, {x""} dual bases of with respect 
to the given inner product. Thus, if A^") : ^(0) ^ Y{q)®'' is the iterated 
coproduct, then 

n 

A('^)(rE) = ^x« (6.1) 

i=l 

AW(J(x))= J]j(x)W + - Yl [^^^^*^'] (6-2) 
1=1 i<*<i<'^ 

where x« = l®(*-i) 0x0 l^("-«) and = ^^*^(^'')^^'^. 

6.2. Translation automorphisms |Drl] . y(0) possesses a one-parameter 
group of Hopf algebra automorphisms r„, u € C given by 

T^x = X and TyJ{x) = J(x) + vx 

If wi, . . . , E C, we set T^i,...,^„ = T,,, • • • r„„ G Aut(y(0)®") and 

A.,...,.„ = T,,„„,,„ o A(") : y(0) ^ y(0)^" (6.3) 

6.3. The universal i?-matrix of y(0) [DrT] . Let ii(ii) G y(0)0y(0)[[u^i]] 
be the universal i2-matrix of Y{q). R{u) satisfies 

A id{R{u)) = R^^{u)R^^{u) (6.4) 

id0A(ii('u)) = R^^{u)R^^{u) (6.5) 

A21(x) = R{u)A{x)R{u)-^ (6.6) 

Tv,wR{u) = R{u + V — w) (6.7) 

The above relations imply that R satisfies the quantum Yang-Baxter equa- 
tions (QYBE) with spectral parameter 

i?i2(^)i?i3(^ + y)R^^^y) = R^\v)R^^{u + v)R^\u) 

and the more general form of (j6.6p 

i?(n)(r,,^A(x))fl(n)-i = T,,^A21(x) 
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6.4. The rational qKZ equations |FR] . Let Vi, . . . ,Vn be y(0)-modules 
and di € GLiVi) be such that didjK^^(u) = R^^{u)didj for any 1 < i < j < n. 
Fix a step x £ C^, let ai, . . . , a.„ S C be distinct and define operators 

Ai = Ai{ai, . . . , a„) E End(Vi • • • ® K) 

for i = 1 , . . . , n by 

Ai = E!-^\ai_i -ai- x)'^ R'''^ \ai-2 - ai - k)'^ ■ ■ ■ R^\ai - ai - x)-^- 
di ■ i?^"(ai - a„)i2*"-i(a, - a„_i) • • • R"+\a, - a,+i) 

The (rational) qKZ equations of Frenkel-Reshetikhin are the system of dif- 
ference equations Tif = Aif where / takes values in Vi ■ ■ ■ (B)Vn and 

Tif{ai, . . . ,a„) = /(ai, . . . ,aj_i,aj + x, Oj+i, . . . , a„) 

They are a consistent system in that [/Ti, /Tj] = 0, where /Ti = A^^Ti are 
the covariant difference operators. 

6.5. 

Lemma. The following holds for any i = 1, . . . ,n 

J^i /2-- - = {Air^Ti---Ti 

where Ai = Ai{ai, . . . , a„) is given by 

Ai = di---d^ (i?i"(ai -an)--- i?*"(a^ - a„)) 

(Ei"-i(ai - a„_i) • • • i^*"-^a^ " an-i)) • • • 

• • • (i?i*+i(ai - Oi+i) ■ ■ ■ R"+\ai - ai+i)) (6.8) 

Thus, An = di - ■ ■ dn and for any i < n — 1 

A, = d,...d, Aita„...,a._,-a.O ® ^'a~'L„,...,a„.,-a^,0 " «n)) (6.9) 

Proof. Clearly, 

^2 • • • = (Ti • • • T,_i(^,) • • • ri(^2)^i)"' Ti • • • 
and, for any j < i, 

Ti--- T,_i(^j) = {R'~^'y\R'~'^'y^ ■ ■ ■ {R^'y^ - di ■ • • • r"+^ 

where R''^ is shorthand for R^\ak — ai). The first claimed identity now 
follows by induction on i using the QYBE. The second follows from the 
relations (EIl)-(l63]) and (EZl). ■ 
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6.6. Bispectrality. To couple the qKZ and trigonometric Casimir connec- 
tion equations with values in the tensor product Vi CS" • • • CS" V^, assume that 
each Vi is an integrable g-module and that di is the GL(Vi)-valued function 
on the torus H given by 

di(e") = (e-")« (6.10) 
Let also Vq be the trigonometric Casimir connection with values in the 
y(0)-module T*^_^ Vi • • • Vn and scaled by a factor of 2x as in 

Remark 13.81 Thus, Vq is the End(Vi • • • (8) y„)-valued connection given by 

Va = d-— A(") „ (B) 

where 

% > e" + 1 
S = - ^ _^ da Ka - 2duiJ{u') 

Theorem. The qKZ operators commute with the trigonometric Casimir 
connection Vq. 

Proof. It suffices to prove that [Va, /Ti - ■ ■ /Ti] = for any i = 1, . . . , n. 
Since 

\d - (2x)"i (s), [AY'T, • • • I-] m • • • T,r' 

= dA-' - (2x)"ilri(id - Ad(Ti • • • r,))AW 

-(2x)-nAK...,,„(i?),(I.)"'] 
the claim follows from the two lemmas below. ■ 

6.7. 

Lemma. 

= (2x)-i(Ad(ri • • • r,) - id)AW (6.11) 
Proof. By (f6l8]) . the left-hand side of ()6.1ip is equal to 

i 

d{di . . . d,) (di • • • d,)-i = -Yl dMul^'^ 

i=i 

where we used (j6.10p . Write B = Bi + B2 where 

h sr^ e° + 1 
Bi = — da — -Ka and B2 = —2dui J{u^) 

Since Bi takes values in f/g, A(j^^,,.^a,^(i?i)(") is independent of oi, . . . , a„ and 

the right-hand side of (|6TT]1 is equal to {2>c)'^{M{Ti ■ ■ ■ ri)-id)Ai")...,a„(S2) 
By (j6.2p . for any x G g, 



(Ad(ri...T,)-id)AW ,^JJ(x)) = ^ 
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SO that the right-hand side of ()6.1ip is equal to — dua{u"-)^^^ ■ ■ 
6.8. 

Lemma. 

Proof. For any x G 1^(0) and I < i < n, 

A (n) (^\ _ A («) (T. A{n-i) A ( \ 

^ai,...,a„V-^7 — '-^ai~ai,...,ai^i-ai,0 ^ "ai+i-a„,...,a„_i-a„,0 '-^ai,a„\-^ ) 

SO that, by (|6.9|) and the fact that di - ■ ■ di = A(*)(di), it suffices to prove 
the claimed identity for n = 2 and z = 1. We have 

d^^ [diR{ai - as), Aa.^a^iB)] R{ai - 02)"^ 

= (id- Ad(dri))A„,,,,(5) + (Ad(i?(ai - 02)) - id)A,,,,,(S) (6.12) 
Let -u G f). By (fO) . 

(id-Ad(dr'))Aai,a,(J(t^)) = ^(id-Ad(dr^))[n«,t] 
and, by (|6.6p . 

(Ad(i2(ai - a2)) - id)A,,,,, ( J(n)) = ^ [u^^^ - u^^\t] = -h[u^'\t] 

Thus, the right-hand side of (|6.12p with B replaced by B2 = —2dua J{u'^) 
is equal to 

hdua{id + Ad{d^^))[u<^\t] 
Since R{ai — 02) commutes with IS.a^^a2{Bi), we have left to compute 

(id-M{d^^))^a,,a,{Bi) = h da^^(id-Ad(dr'))t„ 

where ta = Xa® X-a + X-a Xa, with X±a € Q±a SUch that (Xq,, X-q) = 1, 

so that A(k„) = Ka(8)l + l(X'Ka + 2ta. By ([6rT0]) . 

(id — Ad{d]^^))ta = (1 — e"){xa <^ X-a — e~"3;_a (g) Xq,) 
so that, for any a G and ti G f), 

= -a{u) ((e° + 1)xq, (g) X-a - (e~" + l)a;_a Xq) 

= -[nW,(id + Ad(dr'))ia] 
whence the claimed result. ■ 

Remark. The proof of Theorem 16.61 works almost verbatim for = 0l„ and 
gives the commutation of the rational gKZ connection and trigonometric 
Casimir connections for y(g[„). 
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7. The affine KZ connection 



We show in this section that the degenerate affine Hecke algebra %' of 
W is, very roughly speaking, the 'Weyl group' of the Yangian Y{q). More 
precisely, we show that if 1/ is a y(0)-module whose restriction to g is 
small, the canonical action of W on the zero weight space y[0] extends to 
one of %' . Moreover, the trigonometric Casimir connection with values in 
y[0] coincides with Cherednik's affine KZ connection with values in this 
^'-module. 

7.1. The degenerate aflftne Hecke algebra. Let K be the vector space 
of Vl^-invariant functions $ — )• C and denote the natural linear coordinates 
on X by /cq, a S ^/W . Recall |Luj that the degenerate affine Hecke algebra 
H' associated to W is the algebra over ClK] generated by the group algebra 
CW and the symmetric algebra S'f] subject to the relations 



for any simple reflection Si and linear generator x^, u G f), of 5f). 

7.2. The affine KZ connection. The AKZ connection is the trigonomet- 
ric, "^'-valued connection given by 



where {uj}, {tt*} are dual bases of f) respectively. This connection was 
defined by Cherednik in |ChH[Cli2] and proved to be flat and VK-equivariant. 
This may also be obtained as a consequence of Theorem 12.231 Indeed, the 
relations (jUD, with ta = k^Sa are easily verifled and, as pointed out by 
Cherednik, the remaining relations are precisely those deflning %' . 

Remark. The (5-form (j2.7p of the AKZ connection corresponds to Drin- 
feld's presentation of %' in terms of CW and non-commuting elements 
yu which transform like the reflection representation of W (see |Dr3| and 



(7.1) 




(7.2) 





where the elements yu are deflned by ()2.6p as 




(7.3) 



and therefore satisfy SiyuSi = ysi{u) by Proposition 12.221 



'I owe this observation to Pavel Etingof. 
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7.3. 14^— action on zero weight spaces of g modules. Let G be the 

complex, simply-connected Lie group with Lie algebra g, H the maximal 
torus with Lie algebra f) and N(H) C G its normaliser. If V is an integrable 
g-module, the action of N{H) on V permutes the weight spaces compatibly 
with the action of N{H) on H. In particular, it acts on the zero weight 
space V[0] and this action factors through W = N{H)/H. 

7.4. Small g— modules. Recall that a g-module V is small if 2a is not a 
weight of V for any root a |Brl IRet IRe2j . If 1/ is a small g-module with a 
non-trivial zero weight space V[0], the restriction to ^[0] of the square 

of a raising operator maps to the weight space F[2a] and is therefore zero. 
This implies the following result |TL2t Prop. 9.1] 

Lemma. // V is an integrable, small Q-module, the following holds on the 
zero weight space V[0] 

Ka = (a,a)(l - Sa) 
where the right-hand side refers to the action of the reflection Sa & W on 
V[0]. 

7.5. Let Ti'^^ be the degenerate affine Hecke algebra of W with parameters 

ka = —h{a, a) (7-4) 

Theorem. Let V be a finite-dimensional Y{Q)-module whose restriction to 
g is small. 

(1) The canonical W -action on the zero weight space V[0] together with 
either of the equivalent assignments 

Xu -2T{u)i + \Y1 ^°"('") C^-^) 

Vu ^ -2J{u) (7.6) 

yield an action ofT-L'f^ on V\^]. 

(2) The trigonometric Casimir connection of q with values in End(y[0]) 
is equal to the sum of the AKZ connection with values in the T-L'^- 
module y[0] and the scalar valued one-form 

A=\yk^^ (7.7) 
2 ^ e° - 1 ^ ' 

qG<I> 

Proof. The trigonometric Casimir connection with values in End(y[0]) 
reads, by Lemma [731 

\7 = d-h y (a, a)(l - Sa) + 2dui T(u% 

^ e'^ — I 

ae'I>+ 

V - da 7 i\ \ ^ da 

= d- ^ _^ kaSa + 2dUi T[U )i + 2^ a _l 

oG"I>+ a6"I'+ 
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where the weights ka are given by (UAh . By ([27 
so that if ^ is given by (17.7P , then 

Applying Proposition 12.221 to V — ^ which is PF-equivariant since V and A 
are, shows that the map (j7.5p gives an action of "H^ on V[0]. This proves 
(1) and (2). The equivalence of (|7.5p and (|7.6p follows easily from ^3.31 and 

dZSl). ■ 

Remark. Theorem 17.51 extends to the trigonometric setting the relation 
between the rational Casimir and KZ connections proved in |TL2[ Prop. 
9.1]. 

7.6. The adjoint representation. Drinfeld proved that, for any simple 
g, the direct sum g = g © C of the adjoint and trivial representations of g 
admits an extension to an action of Y{g) on g |Dr2[ Thm. 8]. It is easy to 
check that the corresponding action of "H^ on g[0] = f) © C given by Theorem 
[73] coincides with its action on affine linear functions on {)* given by rational 
Dunkl operators (see, e.g. jKij ) . 



7.7. The case of s[„. Let g = s[„ and V = C"' its vector representation. A 
simple inspection shows that y^" is a small jRe2] . The zero weight space 
^^"■[0] possesses two actions of the symmetric group: one arising from the 
Weyl group action of (3„, the other from the permutation of the tensor 
factors, under which it identifies with the group algebra C(3„. 

The s[n-module V^"" may be endowed with an action of Y{q) depending 
on ai,...,a„ S C obtained by composing the coproduct A^") : Y{g) — )• 
^(g)*^" with the evaluation homomorphisms cVq. : Y{q) — t- C/g. It is easy to 
check that the action of Ti'^^ on F®"[0] given by Theorem 17.51 coincides with 
that on the induced representation ind_5(j Cai,...,an- 



8. Appendix: Tits extensions of affine Weyl groups 

In this appendix, we review the definition of the Tits extension 1^ of a 
Weyl group W. We then define the reduced Tits extension W""^ of W and 
show that, when W is an affine Weyl group, W""^ is isomorphic to the semi- 
direct product of the Tits extension of the finite Weyl group underlying W 
by the corresponding coroot lattice (Theorem IS.lOp . 
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8.1. Weyl groups and braid groups. Let A = {aij)ij^i be a generalised 
Cartan matrix and {[),A,A'^) its unique realisation. Thus, f) is a complex 
vector space of dimension 2|I| — rank(yl), A = {ajjigi C f)* and = 
{a-^jjgl C f) are linearly independent sets and 

Recall that the Weyl group W = W{A) attached to A is the subgroup of 
GL{i)*) generated by the reflections [Kal §3.7] 

Si{X) = A - {\,a{)ai 
or, equivalently, the subgroup of GL(f)) generated by the dual reflections 

Siit) = t - {t,ai)a^ 
By [Kal Prop. 3.13], the defining relations of W are 

{s.sjr^^ = 1 

where for any i ^ j, rriij is equal to 2,3,4,6 or oo according to whether 
aijttji is equal to 0, 1, 2, 3 or > 4. 

The hraid group B = B{A) attached to A is the group with generators 
(Sj, i € I and relations 

SiSj ■ ■ ■ = SjSi ' ' ' 

for any i ^ j- 

8.2. Tits extensions of Weyl groups. 

Definition ( |Tij ) . The Tits extension of W is the group W with generators 
Si, i £l and relations 

SiSj ■■■ = SjSi ■ ■ ■ (8.1) 



rriij 


rriij 






= 1 


(8.2) 


~2~2 
SiS, 


~2~2 
= SjSi 


(8.3) 


~~2~-l 
SiSjS- 


= Sf(5f)-'^^» 


(8.4) 



8.3. Let g = q{A) be the Kac-Moody algebra corresponding to the Cartan 
matrix A with generators t £ f) and e^,/,, i £ I. Recall that a represen- 
tation of Q is integrable if f) C g acts semi~simply with finite-dimensional 
eigenspaces and ei, fi act locally nilpotently. The next two results explain 
the relevance and structure of the Tits extension W. 

Proposition. Let V be an integrable representation of q. Then, the triple 
exponentials 

ri = exp(ei) exp(-/i) exp(ei) 
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are well-defined elements of GL(V) and the assignment Si — )• rj yields a 
representation of W on V mapping s? to exp(7r-v/— la^). 

Proof. The are clearly well defined and satisfy 

r, ■ t ■ r-^ = sUt) 

for any t G f) and rf = exp{^^^/^a^) ^ §3.8], from which (K^-(K^ 
readily follow. Let now i ^ j he, such that ruij < oo. Then, the Lie subal- 
gebra Qij of q generated by e^, /j, and Cj, fj, aj is finite-dimensional and 
semi-simple and V integrates to a representation of the complex, connected 
and simply-connected Lie group Gij with Lie algebra Qij. By [Ti], rj and 
rj satisfy the braid relations (jS.ip when regarded as elements of GjjQ, and 
these therefore hold in GL{V). ■ 

8.4. Let Q'^ C f) be the lattice spanned by the coroots a/, i G I. 

Proposition (|Tij). W is an extension ofW by the abelian group Z gener- 
ated by the elements Sf . Z is isomorphic, as W -module to I2C^ = Z2'. 

Proof. Let K D Z the kernel of the canonical projection W — t- W. By 
(j8.4p . Z is a normal subgroup of W and W/Z is generated by the images 
Si of Sj which, in addition to the braid relations (j8.ip . satisfy s? = 1. Thus, 
W/Z is a quotient of W, K = Z and W/Z ^ W. Note next that, by 
(|8.2p - (l8.4p . the assignment — )■ sf extends to a M^-equivariant surjection 
(5^/2Q^ — )• Z. To prove that this is an isomorphism it suffices to exhibit, for 
any i e I a Z2-valued character Xi of Z such that Xi(Sj) = (—1)'^'^ . Let Aj be 
the ith fundamental weight of g, so that (Aj, aj) = Vi the irreducible g- 
module with highest weight Aj and Vi € Vi a nonzero highest weight vector. 
Vi is integrable and since r| = exp(-v/— IvraJ), we have r|'t;j = (— ■ 

8.5. Reduced Tits extensions. For any v = J2i i^iCti £ set 

SO that for any w £ W and lift w E TV, -SS^u;"^ = s^^. By |Kal Prop. 1.6], 
the center c of g is equal to 

c = {t G [)|(t,aj) = for any f G 1} (8.5) 

The Weyl group operates trivially on c C fi and it follows from (j8.4p that 
the subgroup Z^ C Z generated by the elements S^, with v £ cH lies in 
the centre of W . 

Definition. The reduced Tits extension W""^ of W is the quotient 

W'^^ = W/Z, 



Tits' argument is reproduced in the proof of (i) of Proposition 18.91 
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By Proposition EH W""" is an extension of W by (5^/(2Q^ + tr\Q'^)^ 

^rank(j4) 

8.6. Reduced Tits extensions of afRne Weyl groups. Assume hence- 
forth that A = {aij)o<ij<n is an affine Cartan matrix of untwisted type. 
Altering our notations, we denote by g the underlying complex, semi-simple 
Lie algebra and by f), {ai}^^^, {a^}^^^, W and its Cartan subalgebra, 
simple roots, simple coroots, Weyl group and coroot lattice respectively. 
Thus, for any 1 < i, j < n, 

aij = {a^,aj), a^j = —{9^,aj) and a^o = —{a^.,9) 

where € fj* is the highest root of 3. It is well known that the (affine) Weyl 
group Wa attached to A is isomorphic to the semi-direct product W k 
[Kal prop. 6.5]. The isomorphism is given by mapping Sj to (si,0) for i > 1 
and So to {sq, —9"^). 

The subspace c defined by (jS.Sp is spanned by the element 

n 

K = mjQ^ 

i=l 

where the rrii are the positive integers such that 9^ = miO^ |Kat Prop. 
6.2]. It follows that the reduced Tits extension Wa of Wa is the quotient 
of Wa by the relation 

n 
i=l 

8.7. Loop groups. The structure of the reduced Tits extension of Wa will 

red 

be determined in ^8.71 - ^8. 101 bv embedding Wa into the loop group corre- 
sponding to 0. 

Let Lq = g[z,z~^] be the loop algebra of g and d the derivation of Lq 
defined by dx{m) = mx{ni), where x{m) = x ® z^. Then, Lq x Cd is 
the quotient of the Kac-Moody algebra corresponding to A by the central 
element K defined above. Let G be the complex, connected and simply 
connected Lie group with Lie algebra g and LG = G{C[z, z~^]) the group of 
polynomial loops into G. Let H C G he the maximal torus with Lie algebra 
f). The group C* acts on LG by reparametrisation fixing G D H and H xC* 
is a maximal abelian subgroup of the semi-direct product LG xi C*. By |PSj . 
Prop. 5.2, the normaliser of F x C* in LG x C* is equal to {N{H) k H'^) x C* 
where N{H) is the normaliser of in G and if^ = Hom2(C*,i?) C LG is 
isomorphic to the coroot lattice by 

A G ^ ^ = expj:^(- In(z)A)) 

The quotient N{H x C*)/H x C* is therefore isomorphic to the affine Weyl 
group Wa = Wx H'^ . 
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8.8. For each real root a = (a, n) of LG, the subalgebra 51% of spanned 
by 

&a = ea{n), fa = fa{-n) and ho, 

is the Lie algebra of a closed subgroup of LG isomorphic to 5L2(C). This 
is obvious if n = and follows in the general case from the fact that 

51^2'^^ is conjugate to s^"''^^ Indeed, any element 7a of the coweight lattice 
Hom(C*,i7/Z) C L{G/Z) induces by conjugation an automorphism of LG 
such that 

Ad(7A)ea(n) = e„(n - (A, a)) and Ad(7A)/a(n) = fa{n + (A, a)) 

8.9. Let now ai = (oj, 0), i = 1 . . . n and ao = (— ^) 1) be the simple roots 
of LG. For each i = . . . n, let (C) = Gi C LG be the corresponding 
subgroup, Hi C Gi its torus and Ni the normaliser of Hi in Gi. Note that 
any element of Ni \ Hi is of the form 

exp(ei) exp(-/i) exp(ei) = exp(-/i) exp(ei) exp(-/i) 

for some choice of root vectors Cj G (Lg)^. ,/» G {Lg)^^. such that [ei,/j] = 
a/ if i > 1 and -0^ if i = 0. 

Let Ba be the (affine) braid group corresponding to A and Sq, Si, . . . ,Sn 
its generators. 

Proposition. 

(1) For any choice of ai & Ni \ Hi, i = . . . n, the assignment Si — cjj 
extends uniquely to a homomorphism a : Ba ^ ^(H) x H"^ . 

(2) a factors through an isomorphism of the reduced Tits extension Wa 
onto its image in N{H) x H"^ . 

(3) If (T,a' : Wa — )• N{H) \x H^ are the homomorphisms corresponding 
to the choices {ai} and {a'^} respectively, there exists t £ HxC* such 

that, for any sE Wa , <t(s) = ta'(s)t~^. 

Proof. (1) the following argument is due to Tits [Tij. Let i ^ j he such 
that rriij is finite and set Sij = SiSj • • • S Wa and aij = GiGj • • • G N{H) x H'^ 
where each product has mij — 1 factors. The braid relations in Wa may be 
written as SijSj' = SjSij where j' = j or i according to whether ruij is even 
or odd. Thus, s~j^SjSij = Sj' and therefore, 

= aj^a-j^ajaij GHn [a/aT^^ Njaij^ =Hn aJ^Nj, = Hj, 

Repeating the argument with i and j permuted, we find that Aji € Hi/ with 
i' = i or j according to whether niij is even or odd. Thus, Aij = Aj-^ G 
Hii DHji = {1} where the latter assertion follows by follows from the simple 
connectedness of G. 

(2) The ai satisfy (l821)-(IH3I) and ([SS]) since, for any Xj G Nj \ Hj, 

x'j = exp(z7raj) for j > 1 and Xq = exp(— i7r6'^). Thus a descends to Wa ■ 
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Since the diagram 



is commutative, the kernel of a is contained in Z/Z^ = Z'2 and is there- 
fore trivial since, due to the simple-connectedness of G, the subgroup of G 
generated by cr| = exp(7rzaj), j = 1 . . . n is isomorphic to Zg. 

(3) For i = 1, . . . , n, let tj G ffj be such that cjj = tia'- and choose Cj G C 
such that ti = exp(cjha.). Since SjAj = -^J — ^ij^^l ■> where the Aj G f) are 
the fundamental coweights of g, we find, with t = exp(^"^-|^ '^i'^J) ^ 

t • cr- • ex.p{cihai) ■ (j[ = ai 
Let now to = exp(co^6») G Hq be such that do = toCo- Since for any x G C, 

exp(rE(i)cro exp(— xd) = exp(— x/i0)cJo 
we find, with y = Cj(Aj, 9) — cq, that 

texp(yd)c7oexp(-y(i)F"^ = exp((-y + ^ Cj(Aj, 6l))/i0)cro = ctq 

so that t = texp{yd) is the required element. ■ 

8.10. The following is the main result of this appendix. 

Theorem. T/ie inclusion W VFa extends to an isomorphism Wt<Q — )■ 

red 

VFa making the following a commutative diagram 

I i 

Proof. We wish to construct a VF-equivariant section s to the restriction 
to of the extension 

red 

Identify for this purpose Wa with its image inside Niji x C*) H LG by 
using Proposition 18.91 We claim that there exists x G C such that, for any 

A G Q^, expji^(xA) •z'*' lies in Wa ■ It is then clear that s(A) = expj^{xX) ■ 
yields the required section. 

Let be a short simple coroot and w £ W an element such that 6'^ = 
wa)^. Let tl; G 1^ be a hft of w and hft 6"^ G to 



N{H) K H 




Wa 
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Let eg G Qe,fe G Q-e be root vectors such that [egjfe] = 9"^ and denote 
by pgv : SL2 — )■ G the embedding whose differential maps e, f,h £ 5(2 to 
^e, fe-iS"^ ■ We may assume eg, fg chosen so that sq is of the form 

exp(/e (Xi z)exp(-ee (g) z"^)exp(/e (g) z) = q ^) 

Since w'siW~^ £ Ng\ Hg is necessarily of the form 

exp(te0)exp(-t~Ve)exp(te6i) = pg^{[ 

for some t G C* , we find that 









^ =/'fv(r Q ^^1) = exp(x0^) -z 

with 2; = — ln(t) which proves our claim for X = 9^ . Let now w £ W with 
lift w gW, then 

wTgvw"^ = ex.p{xw{9'^)) ■ z^^ 

so that that exp(xa^) • z"^ G Wa for any short coroot . Since the short 
coroots span Q^, the claim holds for any A G Q^. 

Since s{Q'^) is free abelian and W is finite, their intersection is trivial 
and the map W ix — )• Wa , ("w, A) — ws{\) is injective. It is moreover 
surjective since Z/Z^ is generated by i = 1 . . . n and therefore lies in W 



8.n. 

Remark. Unlike Wa , the (non-reduced) Tits extension Wa of Wa is not a 
semi-direct product in general. For example, for g = s[2, with afHne Cartan 
matrix 

2 -2 
-2 2 



Wa is generated by sQ) si with relations = 1, 



~ ~2~— 1 ~2/'~2\2 ~2 J ~ ~2~— 1 ~2 







In particular, the group Z ^ Zl generated by Sq,?! lies in the centre of 
Wa- Any lift in Wa of the generator of Q'^ = Z is of the form r = zsqSi, 
for some z & Z and gives rise a W^-equivariant section — t- Wa if, and 
only if, i'lTS'j"^ = r~^. Since z = z~^ is central, such a section exists iff 

si(sqSi)s'^'^ = 's'^^Sq'^ and therefore iff S^S^ = 1 which holds in Wa but 
not in Wa- 



' red 



Remark. The section ~^ constructed in Theorem 18.101 does not 

in general coincide with that obtained from the canonical section ~^ Ba 
\Mc\ §3.2-3.3]. For example, for = sta, the canonical lift of 0^ G in Ba 

is T = S0S1S2S1. When regarded as an element r of Wa this does 
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not give rise to a 1^-equivariant section since Ad(sg)T^^ ^ where 
sg = S1S2S1 is a lift in W of the reflection sg. Indeed, Ad(s2)3i = Si^l 
W, so that 

31 = 51 Ad{s2){sl)s^si = tfspi = 1 
Thus, since r^^ = ^o^g, 

Ad(sg)r^ = JgJo while (r^ = 'sg's^^ 
which are different elements of Wa by (j8.6p . 
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